AIAA JOURNAL
Vol. 39, No. 2, February 2001

Refined Structural Dynamics Model for Composite Rotor Blades

Sung Nam Jung,* V. T. Nagaraj,” and Inderjit Chopra*
University of Maryland, College Park, Maryland 20742

A refined one-dimensional beam formulation based on a mixed approach has been developed for structural
dynamics analyses of rotating and nonrotating composite beams and blades of general section shape with open-
or closed-section contours. The theory uses a mixed variational approach and accounts for the effects of elastic
coupling, shell-wall thickness, warping, warping restraint, and transverse shear deformations. The analysis is
validated against experimental data and other analytical results for composite cantilevered beams of various cross
sections. Good correlation is achieved for all of the cases considered. The influence of wall thickness and transverse
shear on the free vibration characteristics of composite beams with either bending-torsion or extension-torsion
coupling is investigated. For a bending-torsion coupled beam, the influence of wall thickness becomes important
when the thickness-to-depth ratio of the beam reaches about 30 %. The frequency error in neglecting transverse
shear flexibility is about 50% for a bending-torsion coupled composite box beam with a slenderness ratio of 5.

Nomenclature
Al.,B. D. A, modified laminate stiffnesses; Eq. (6)
ij Tijr iy o X
nes Anes oo, Ay = semi-inverted coefficients; Eq. (7a)
E\E, = Young’s moduli in principal directions

f(a fya fza fd)a fw

shear flow components

Gi» = shear modulus

k2 = radius of gyration

M., My, M, = moments for the shell segment

M,, M, = beam bending moments

M, = warping torsion

mge  me = mass moment of inertia

mk? . = polar mass moment of inertia,
mk3” + mk’fl2

N = axial force of beam

N.., Ng, = transverse shear stress resultants for
the shell

N.., Ny, N, = membrane stress resultants for
the shell segment

0,,0. = transverse shear forces

T, = St. Venant torque

u,v,w = beam displacements

u, v, vy = shell-wall displacements; Eq. (1)

X,s,n = coordinate systems of shell wall

X, ¥,2 = undeformed beam coordinates

By, B = cross section rotations of beam

Vn = transverse shear strain of shell

Viys Yz = transverse shear strains of beam

Exxs Esss Exs = membrane strains of shell

Ky Kggy Kys = curvatures of the midsurface of shell

Vi2 = Poisson’s ratio in principal plane

0 = mass density

(o = semicomplementary energy function;
Eq. (8)

¢ = elastic twist deformation

Q = rotational speed, rpm

5) = sectorial area; Eq. (4a)
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Subscripts
,n = 9()/on
, S = 9()/as
, X = 9d()/0x
I. Introduction

CONSIDERABLE number of studies have been carried out to

develop a proper methodology to analyze composite tailored
rotor blades. These range from simple analytical models to detailed
finite element methods. Jung et al." made an assessment of the cur-
rent techniques of modeling composite rotor blades and identified,
among others, the need for a comprehensive generic analysis that
will be applicable to blades having open or closed cross sections
and that includes such features as elastic couplings and thickness of
the shell wall.

Composite rotor blades are, in general, built-up structures
with different materials for skin and spar and may have honey-
comb/structural foam fillers for maintaining the airfoil shape along
with leading-edge erosion caps, provisions for anti-icing, and bal-
ance weights. Main rotor blades are normally of closed single- or
multicelled cross sections and are thin walled, except near the root,
where they may be thick walled. Because of their relatively smaller
chords, tail rotor blades may need to be analyzed as thick-walled
structures. An accurate analysis that takes into account all of these
features is a challenging task. One approach may be to use a de-
tailed finite element analysis, for example, VABS.? In spite of the
variety of constructionfeatures, it is possibleto model rotor bladesas
thin-/thick-walledbeams using classicallamination theory to model
the structural behavior of the skin, spars, and other load bearing ar-
eas. Such a model that incorporates both Timoshenko effects and
Vlasov effects is useful especially for preliminary design studies
and for optimization analyses. Common to both thin-walled and
thick-walled blade analysis is the need to model properly the local
behavior of the shell wall as a result of the global deformation of
the blade. The wall undergoesboth in-plane and out-of-plane defor-
mations (warping) in response to the applied external loading. It is
important to model these warpings consistently to obtain accurate
results for the beam response.!

The modeling of beams and blades can be formulated through
either a displacement or a force approach. The displacement for-
mulation, also called the stiffness formulation, has been used by,
among others, Rehfield,” Rehfield et al.,* Smith and Chopra,’ and
Chandra and Chopra.®” The stiffness formulation is based on suit-
able approximationsto the displacementfield of the shell wall. The
assumed displacementfield is used to compute the strainenergy,and
using theenergy principlesyieldsthe beamsstiffnessrelationsas well
as equations of motion. The displacement modes do not satisfy the
equationsof equilibriumof the shell wall, and this approachleads to
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an overestimationof the beam stiffnesses. Cesnick and Hodges” and
Hodges et al.®? used the variational asymptotic method to derive the
asymptotically correct stiffness matrix and warping displacements
for nonhomogeneousand anisotropic beam cross sections. The ele-
ments of stiffness matrix are developed using a finite element tech-
nique.

In the force formulation, also called the flexibility formulation,
the assumed direct stress field in the shell wall is used to obtain
the distribution of the shear stress, and the related warpings are
determined from the equilibrium equations of the shell wall. The
flexibility method provides a systematic method of determining the
warping functions. This method has been used by Mansfield and
Sobey,'” by Libove'' and, more recently, by Johnson et al.'* for
thin-walled composite beams with closed profiles.

Berdichevsky et al.'* and Badir et al.'* used the variational-
asymptotic approach in which the displacementapproximationsare
refined in an iterative manner. They have applied their method to
analyze thin-walled composite beams of both closed"® and open
cross sections.!* Murakami et al.'’> proposed a Timoshenko-type
beam theory based on a mixed variational principle and the use of
Reissner’s semicomplementary energy function.!® They applied the
theory to the bending problem of anisotropicbeam with rectangular
solid cross section. The distribution of shear stresses was generated
as part of the solution.

Recently,Jungetal.'” developeda general one-dimensionalbeam
formulation based on a mixed variational approach that takes into
account the effects of transverse shear deformation, warping, warp-
ing restraint, and bending and shear of the shell wall on the static
analysis of composite beams with elastic couplings. The theory is
termed mixed because the direct stresses are treated as the known
variables in terms of assumed displacements and the shear flow
in the shell walls is treated as the unknown. The main features of
the present theory are 1) the influence of the thickness of the shell
wall including shear deformation (Reissner-Mindlin)'® effects are
included; 2) the wall is modeled as shell; 3) it is a combination of
the displacement and the force formulation, the shear flow N, is
assumed as a dependent variable, and closed-form expressions are
derived to express this in terms of the geometry and material distri-
bution of the structure; 4) a plane stress assumption is used for the
constitutive relations; 5) both closed and open cross section blades
are treatedin this unified formulation. The resultis a first-order shear
deformation (Timoshenko) theory for the global beam behavior.

Chandra and Chopra®” have extended the Vlasov theory for thin-
walled composite blades and included first-order shear deformation
effects with the shear correction factors set to unity. They used a
plane strain assumption (g5, = k;, = 0). In Ref. 17, a provision was
made to use either the plane strain or the plane stress assumption
(Ny;, = My, =0). Examples show that the plane stress assumption
leads to better correlation with experimental results. The stiffness
matrix derived by Chandra and Chopra("7 is of the order (9 x 9) be-
causetheyinclude y,, , and y,. , as independentdegreesof freedom
in their formulation, whereas the present approach leads to (7 x 7)
stiffness matrix.

In the present paper, the static analysis of Ref. 17 is extended
to cover structural dynamics of rotating and nonrotating composite
beams. The analysisis validated against experimental test data and
other analyses for composite beams of various cross sections such
as a box section, a rectangular solid section, and an I section. The
effects of modeling refinements on the free vibration characteristics
of composite beams with elastic couplings are investigated.

II. Formulation

This section briefly describes the mixed variational formulation
for the analysisof compositebeams with elastic couplings. The anal-
ysis covers open-and closed-section,thin- and thick-walledsection,
and single- and multicell section beams. Transverse shear deforma-
tion across both the shell wall and the cross section of the beam,
torsion-related warping, and warping restraint effects are included
in the formulation.

It is assumed that the in-plane deformations of the shell wall
are negligibly small compared with the out-of-plane deformations.
This assumptionis more accurate for rotor blades with thick walls or
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whose walls are supported by honeycomb or foam cores. To include
thick-walled effects, first-order shear deformation theory is used to
model the shell wall. Note that this includes membrane and bending
modes of the shell wall as subsets. For each of these modes, the
global structural behavior of the blade can be modeled at various
levels, for example, Euler-Bernoulli, St. Venant, Timoshenko, and
Vlasov. The lateral stress and moment resultants are assumed to be
negligibly small (N, =0 and M,; =0).

A. Kinematics

The global deformations of the beam are U, V', and W along the
X, y,and z axes, and ¢ is the twist about the x axis (Fig. 1). The local
shell deformations are u, v;, and v, along the x, s, and n directions,
respectively.

When transverse shear deformations are allowed for, the local
deformationsat an arbitrary pointon the shell wall can be expressed
as

u=u’+ny,, v, = v + ny,, v, = v° 1)

In Eq. (1), u® 2, and v? represent the deformations at the mid-
plane of the shell and v, and ¥, represent rotations of the normals
to the midplane about the s and x axes, respectively. By the use of
the strain-displacementand curvature-displacementrelationsfor the
wall of a cylindrical shell of arbitrary geometry, and by the assump-
tion of negligibly small in-plane deformations, the shell midplane
displacements can be obtained in terms of the beam displacements
and rotations as
vy =Vyot Weotre, v =V, =Wy, —q¢

n

v =¢ )

The shell rotation 1, can be obtained by equating the shear strain y,,
from the beam kinematics to its value from the shell deformation:

wx = VYxn — US.X = VxyZis — Vxz Vs 3)

InEq. (3), ., and y,, represent the shear strain of the blade and are
related to B, and B, (the rotations of the blade cross section about
the y and z axes, respectively) as

ﬂy = yxz_W.x’ ﬂz = yxy_v.x (321)
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The axial displacement u° consists of 1) axial displacement of

the beam, 2) axial warping due to bending, 3) axial warping due
to torsion, and 4) axial warping due to transverse shear. From the
expression for the shear strain, we can get'’

u’ = U+ yB, + 28, — @, “)

where the sectorial area w is defined as

o= / rds (4a)
0

By the use of therelationin Eq. (4), the strain-displacementrelations
can be written as

Exy = U.x + Zﬂy.x + yﬂz.x - szb.xx

yh=u' +V.y, +W.z,+r¢,

Kyx = ﬂz.xz.x - ﬂy.xy.x +qd .x
Kes =2¢  + (1/a)(B.y.s + ﬂyZ.S —ré.)
yxkn = uf]n + V.XZ.S - W.xy.x - q¢.x (5)

The superscriptk in y¥, and y, is used to denote that these strain-
displacementrelations are obtamed from kinematic considerations.

B. Constitutive Relations

Under the assumption that the in-plane stress and moment resul-
tants, as well as the transverse shear stress resultant, are negligible,
&5, Kss, and vy, can be expressed in terms of the other strains. The
constitutiverelations for the shell wall can be expressed as

Nyx Ay, A By Bjg Exx
N. A, A B B <
_ 16 ?6 1/6 (:6 Vas R
M., B, Bj; D) Dj Kxx
M, Bis By Dig Dg Kxs
6)
Al’j i and D are obtained from the A;;, B;;, and D;; coeffi-

cients of classmal lammatlon theory.'® In the present method, &,,,
Ky, and ks are assumed as in the displacement formulation, and
N,, is treated as a dependent variable and is derived from the equi-
librium equations. To do this, it is convenient to write Eq. (6) in a
semi-inverted form as

N\'x Ans Ank And) Anr Exx
Mxx Ank Amk Amd) Am T Kxx
Mxx And) Am ¢ Ad)d) Ad)r Kxs
}/& _Anr _Amr _Ad)r Ayr Nx,&
Ny = Ay, (M

where the stiffness coefficients A,; are given by
- (a%/40)] Aw=1B] -
(6Bis/ Al Agy = [Di
Ane = [D4 = (BR/Ag)]. Aup =Dl — (B

Ay =1/ A%, Ayr = B/ A

A =[A (Al4Bjs/Ags)]

— (B%/4:)]
o Bio/ Ai)]

Apr = Alg/Agg

(4%s/4u)] - Ta)

The factor k in A,, is the Timoshenko shear correction factor ac-
counting for the parabolic distribution of the shear stress across the
thickness of the shell wall. In the present calculations, a value of
k =% has been used, although better estimates of this are avail-
able for specific lay-ups. Note that this factor takes into account
the thickness effect of the shell wall. Additionally, there are global
shear correction factors that depend on the blade cross section and
that are derived later in the paper.

Ay = [Bjg— (4

66°

A, = Bj¢/A, A, = k[Ass —

66°

C. Derivation of the Cross Section Stiffness Relations
It is convenientto use a modified form of Reissner’s'® semicom-
plementary energy function ®; (Ref. 15)

q)R = [N\',\'Exx + MxxKxx + Mx,& Kxs + N\'n }/f,, - Nm y\i] (8)
With this definition, we have
8q)R = Vxx, 8q)R = XX 8q)R = Mx,&
08,y 0Ky 0K 1
8®R 8®R k
= Ny, = —y.. 9
e = N Ves ©

To obtainthe stiffness matrix relating beam forces to beam displace-

ments we use
1
5/ / (®r + 75 Nyy)dsdx =0 (10)
0 C

where [ is the length of the blade.
Using the equilibrium equations of the shell wall, we can get the
shear flow as'’

Nm = NS) + N\g) = LfJ thJT + Lgygzng LVszTwJT (11)
In Eq. (12),
LfJ = Lfi\'fzf)’fwfd)J» LLth = |_U.xﬂy.xﬂz.xd’.xx¢.xj (12)

and the section shear flow variables f;(i =x, y, z, w, ¢) are deter-
mined as

_ 9§ A, ds _ 9§ A, yds + 9§ A,z ds
T 9§Ay, ds’ v 9§Ay, ds
_ 9§ Anrzds - 9§ Amry.x ds
o 9§ A, ds
= ~f A ods + ¢ A,.qds P 240 =2 Ay, ds
¢ 9§ A, ds ’ ¢ 9§ A, ds
(12a)

The subscript j denotes jth cell of the section. For open-cross-
section beams, Eq. (13) becomes

ﬁ:o for i=(X,y,Z»wv¢) (13)

Equation (11) gives a closed-form equation for the shear flow
in terms of the assumed strains, their derivatives, and the cross-
sectional properties of the blade. N{! is that part of the shear flow
due to St. Venant torsion and the elastlc couplings. In Eq. (11), g,,
g.,and g, are functionsthat depend on the cross-sectionalgeometry
and material properties and are required to calculate the shear coef-
ficients for the first-order shear deformation theory. The expressions
for N@ are analogous to those derived by Gjelsevik? for isotropic,
uncoupled beams.

Using the value of N, from Egs. (11) in Eq. (10), we can identify
the cross-sectional stress resultants as

N = / N, ds, T, = / [-NY@ —a,) —2M,,]ds
C C

My = /[N\',\'Z - Mxxy.x]ds» = /[Nm Vs + N\'n Z.x] ds
C C

Mz = /[N\'\'y + M,\',\'Z.x]ds» Qz = /[N\'XZ.X - any.x]ds
C C

Ma) = /[_N\'\'é)—i_M\'\'q]ds‘ (14)
C

Using the relation for the torque, T = T, + T,, in Eq. (15), we obtain
the stiffness relation for the beam as

F =Kq (15)
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Fig.2 Generalized beam forces and moments.

where
q_T = [Ut Yy Vxz (o ﬂy.x ﬂz.x ¢.xx] (15a)
FT = [N Qy Qz T My Mz Ma)] (ISb)
Figure 2 shows the generalizedbeam forces acting on the blade. The
(7 x 7) stiffness matrix K in Eq. (16) represents the beam stiffness
matrix at a Timoshenko level of approximation.
D. Finite Element Equations of Motion

The governingdifferentialequationsof motion for a rotating com-
posite beam can be derived by using Hamilton’s principle:

/.(SHS—ST)dt=O (16)

where #; and t, are arbitrary instants of time and §I1; and §7 are
the variation of potential energy and the variation of kinetic energy,
respectively. The variation of potential energy can be written by
using the beam force-displacementrelations, Eq. (15), as

1
8T, = / {NSU., + M.8B.. + M5B, . + M,5¢ ... + TS0,
0

+ Qy(‘sﬂz + 5Vr) + Qz(sﬂy + 8Wv) + FO‘/.X(S‘/.X

+ FyW . 8W , + Fok3¢ 8¢, Jdx (17)

where Fj is the centrifugal force defined at a spanwise beam coor-
dinate x as

!
F(]:/ mQ2x dx (17a)

The last three terms underscoredin Eq. (17) are from the centrifugal
stiffening terms due to rotation of the blade. Note that the higher-
order nonlinear terms have been neglected in describing the strain
energy expression, except for the centrifugal stiffening terms, be-
cause the latter play a significant role in the structural dynamics.?!
The variation of kinetic energy for a rotating composite beam can

be written as
!
8T=//pV~8VdAdx (18)
0Ja

where p is the mass density, A is the area of the cross section, and
V is the velocity vector for a given point on the deformed beam.
Following the procedures described in Refs. 21 and 22, we get

1
ST = / m{(Q%x +2QV — U)du + (Q2V —2QU — V)§V
0

—Wsw — [k2¢ + Q2 (K2, — k2 )p]5¢

m2 mi

+k2 B.8B. + k2 B,8p, Jdx (19)

my my

The term appearing in Eq. (19) underscored by one line is associ-
ated with tennis racket effect and those underscored by two lines
are associated with rotary inertia effects of the section. The inertia
effects associated with torsion warping are considered small and,
thus, neglected in this study. Similar equations were formulated by
Song and Librescu?® for a thin-walled beam taking into account
the effects of elastic couplings, transverse shear, and primary and
secondary (thickness) warpings. This model was used to study the
free vibration behavior of rotating composite beams. The effects of
inertial warpings as well as centrifugaland Coriolis terms were in-
corporated, but only the membrane action of shell wall was retained
in their analysis.

Three different types of interpolation functions are used to de-
scribe the behavior of the beam. For the axial displacement U, a
four-node Lagrangian representation is used. The cross-sectional
rotations (B, and B.) and the transverse deformations (V and W)
are interpolated using a three-node Lagrangian shape function. For
twist deformation¢ andits derivative¢ ., a two-node Hermite shape
function is employed to satisfy the C' continuity at each extremity
of an element. These yield a total of 20 degrees of freedom for each
finite element. The final set of equations of motion for the free vi-
bration behavior of composite beams in terms of nodal degrees of
freedom ¢, can be written as

Mg, +Cq, + Kq, =0 (20)

where M, C, and K are the finite element system of inertia, damp-
ing, and stiffness matrices, respectively. For simplicity, the effects
of Coriolis terms are neglected by assuming that the beam axis is
perpendicular to the axis of rotation. >

III. Results and Discussion

The present method has been used to analyze the vibration char-
acteristics of rotating and nonrotating composite beams with vari-
ous cross-sectionalshapes and material distributions. The examples
considered in this study include composite beams of box section,
rectangularsolid section, and I section. A numerical study was car-
ried out to examine the convergence behavior of the current beam
finite element model and to determine the number of finite elements
required to obtain a desired accuracy of the solution. The present
results are obtained using 12 spanwise beam finite elements.

A. Rotating Box Beam

Results for composite cantilevered box beams with bending-
torsion or extension-torsion couplings and rotating at a constant
speed €2 are presented first. For bending-torsion coupled beams, the
ply layups in the opposite walls of the box section are symmetric
(mirror image) with respect to beam axis, whereas for extension—
torsion coupled beams, the correspondinglayupsare antisymmetric.
The material properties and physical dimensions of the box beams
considered are presented in Table 1.

Tables 2 and 3 show the comparison of natural frequencies for
rotating box beams with symmetric and antisymmetric layups, re-
spectively. The symmetric beam has ply layups of [15]¢ for top and
bottom walls and [ 15/—15]; for side walls, whereas the antisymmet-
ric beam has ply layups of [15] for each wall of the box section.
Note that the elastic coupling results in coupled mode shapes. For
convenience, the modes that are predominantly bending and pre-
dominantly torsion are referred to as bending and torsion modes,

Table1 Material properties and dimensions
of graphite-epoxy box beams

Property Dimensions

Ep 141.9 GPa (20.59 x 10° psi)
Exn 9.78 GPa (1.42 x 10° psi)
G2 6.13 GPa (0.89 x 10° psi)
vi2 0.42

P 1449 kg/m® (0.05224 1bfin.3)
Ply thickness ¢, 0.127 mm (0.005 in.)
Outer width 2b 24.21 mm (0.953 in.)
Outer depth 2h 13.64 mm (0.537 in.)
Length / 844.6 mm (33.251in.)
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Table2 Rotating natural frequencies (hertz) of a bending-torsion
coupled box beam ([15]¢, [15/—15]3 at 2=1002 rpm)

. Present mixed
Chandra and Chopra26 Stemple  Smith

and and Without  With
Mode  Experiment Analysis Lee? Chopra®  shear shear
Flap 1 35.2 35.4 36.00 36.87 35.64 35.58
Lag 1 53.8 56.0 57.10 62.45 56.66 56.39
Flap 2 188.0 194.0 197.3 203.0 196.2 193.8
Lag 2 N/A N/A 349.3 378.9 354.3 343.4
Torsionl N/A N/A 714.9 729.2 702.2 701.7

Table 3 Rotating natural frequencies (hertz) of an
extension-torsion coupled box beam ([15]¢ at Q=1002 rpm)

Present mixed

26 Stemple Smith
Chandra and Chopra an(ij and  Without With
Mode Experiment Analysis Lee’ Chopra’ shear shear
Flap 1 33.6 34.0 34.63 3649 3399 3387
Lag 1 46.6 45.9 47.31 53.73  45.68 4545
Flap 2 184.0 185.0 188.0 2022 184.8 182.1
Lag?2 N/A N/A 287.2 3282 2853 2715
Torsion 1 N/A N/A 5132 4937 4955 4955

Frequency, Hz

140 T T T T
Y >
!—_—____’__._—,‘—/F
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100 4
hd Experiment26
80 ] i
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60 |- E
40 L Lag 1 . .
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Rotational Speed, RPM

Fig. 3 Comparison of natural frequencies of [30]s bending-torsion
coupled box beams at various rotational speeds.

respectively. Five normal modes (two flap, two lag, and one tor-
sion) are examined. In Tables 2 and 3, the finite element analysis
results of Stemple and Lee?® and Smith and Chopra® are presented
along with the experimental and theoretical results of Chandra and
Chopra.? Reference 25 used a shear flexible beam element to model
the warping of the cross section using a finite element discretiza-
tion. Reference 5 used a shear-flexible beam model with refined
description of constitutive relations to capture the two-dimensional
in-plane elasticity behavior. The present results are obtained by us-
ing the mixed approach with and withouttransverseshear flexibility.
The results show that the present predictions of mixed formulation
with transverse shear show a good correlation with experimental
data for both symmetric (Table 2) and antisymmetric (Table 3) con-
figurations. The maximum error between the two sets of results is
within 4%.

Figure 3 shows the influence of rotational speed on the calculated
and experimental values of the first three fundamental frequencies
(two flap and one lag) for a [30]s symmetric layup graphite-epoxy
box beam. The data were taken from Ref. 26. Good correlation
between these two results is obtained.

Table 4 Material properties of graphite-epoxy
beams with rectangular solid section

Property Dimensions

Eq 129.1 GPa (18.73 x 10° psi)
Exn 9.408 GPa (1.364 x 10° psi)
G 2.541 GPa (0.3686 x 10° psi)
G3 4.304 GPa (0.6242 x 10° psi)
G 5.157 GPa (0.7479 x 10° psi)
V12 0.3

P 1551 kg/m? (0.056 1b/in.?)

B. Nonrotating Rectangular Solid Beams

Abarcar and Cunniff?’ presented the results of experimental
and theoretical analysis on the vibration of cantilevered compos-
ite beams of rectangular cross section. Graphite-epoxy beams with
fiber orientationof 15 and 30 deg tested in Ref. 27 are consideredin
the present study. The dimensions of the beam are length 190 mm,
width 12.7 mm, and thickness 3.175 mm. The material properties
used in the calculation are given in Table 4.

Tables 5 and 6 show the correlation of the free vibration results
obtained by the present mixed method with experimental data and
also with those obtained by other analyses: theoretical results from
Abarcar and Cunniff?” based on a flexibility approach, numerical
results from Suresh and Nagaraj?® using a stiffness approach and
a torsional warping function based on a minimal strain energy, nu-
merical results from Hodges et al.” based on a finite element ap-
proach, and numerical results from Stemple and Lee®® based on
a detailed finite element modeling. In Ref. 29, the cross-sectional
stiffnesses were obtained from nonhomogeneous anisotropic beam
section analysis (NABSA), and a finite element method was used to
obtain the dynamic characteristics.In Tables 5 and 6, the first eight
normal modes including lag bending (LB) modes (which were not
investigated in Ref. 27) are presented. The flap-torsion (FT) and
torsion-flap (TF) modes denote predominantly flap and predomi-
nantly torsion modes, respectively. In Tables 5 and 6, the present
predictions consist of two parts that are designated as present 1
and 2, respectively. The second approach uses a more accurate de-
scription of the torsion related warping,?3*° details of which are
describedin the Appendix. Itis seen from Tables 5 and 6 that by ap-
plyingenhanced warping models, the present predictionsof bending
modes along with torsion modes show good correlation with exper-
imental data. The correlation is generally within 5% of measured
values.

C. Rotating Rectangular Solid Beams

The present analysis has been used to obtain the frequencies
of rotating composite solid beams tested by Epps and Chandra.’
Graphite-epoxy beams of fiber angles 0 and 30 deg with zero tip
sweep angle are considered. The numerical results obtained by
Hodges et al.’ are also presented for comparison. Hodges et al.’ de-
velopeda geometricallynonlinearbeam formulation for the analysis
of initially curved and twisted compositebeams. A two-dimensional
finite element discretization for the cross section is necessary for
the section coefficients, and VABS? is used for this purpose. The
length of the beam is 952.5 mm and width 25.4 mm. The thick-
ness of the beam is 2.97 mm and 3.12 mm for the 0- and 30-deg
beams, respectively.Figures4 and 5 show the comparisonofrotating
natural frequencies obtained by using the present analysis with the
experimental data for 0-deg (Fig. 4) and 30-deg (Fig. 5) beams, re-
spectively. The present predictions are in a good agreement with
those of Hodges et al.” and with experimental data' The correla-
tion is generally within 5% for flap modes and 10% for the torsion
mode. The increase in the flap mode frequencies due to rotation is
significant, even for higher modes. This is correctly predicted for
both beams.

D. Rotating I Beam

The rotating composite I beams tested by Chandra and Chopra®>
are used for validation. The material properties and dimensions of
thebeams are givenin Table 7. Figure 6 shows the layupdetails of the
symmetric I beams. The beamis composed of [(0/90),/(90/0)/6, ]+
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Table 5 Natural frequencies (hertz) of a 15-deg bending-torsion coupled composite beam
with rectangular solid section

.07 Suresh Stemple  Present1  Present 2
Mode Abarcar and Cunniff and Hodges and (basic (enhanced
no. Experiment  Analysis Nagarajz8 et al.?? Lee? warping) warping)
1 (FT) 82.5 80.8 82.2 77.4 85.0 82.2 82.2
2 (LB) N/A N/A N/A 307.3 336.2 329.2 329.2
3 (FT) 511.3 501.5 511.4 479.2 527.4 511.8 511.7
4 (FT) 1423.4 1376.0 1411.1 1317.3 1469.3 1415.4 1411.6
5 (TF) 1526.9 1579.3 1588.6 1476.0 1543.1 1742.9 1578.5
6 (LB) N/A N/A N/A 1836.5 2000.5 2062.9 2062.9
7 (FT) 2783.6 2648.7 2742.3 N/A 2903.7 2747.6 2744.9
8 (FT) 4364.6 4189.0 4368.4 N/A 4496.0 4413.7 4367.5
9 (TF) 4731.6 4772.5 4834.2 4517.2 N/A 5290.3 4826.7

Table 6 Natural frequencies (hertz) of a 30-deg bending-torsion coupled composite beam
with rectangular solid section

. Suresh Stemple  Present 1 Present 2
Mode Abarcar and Cunniff?’ and Hodges ané) (basic (enhanced
no. Experiment  Analysis  Nagaraj 28 etal.?? Lee? warping) warping)
1 (FT) 52.7 52.7 52.6 49.0 53.8 52.7 52.7
2 (LB) N/A N/A N/A 195.6 214.1 210.7 210.7
3 (FT) 331.8 329.3 329.1 307.9 335.9 329.2 329.2
4 (FT) 924.7 915.9 918.0 869.1 941.1 918.6 918.6
5(LB) N/A N/A N/A 1215.2 1315.7 1320.4 1320.4
6 (FT) 1766.9 1767.0 1777.3 N/A 1707.0 1786.9 1762.9
7 (TF) 1827.4 1896.5 1891.6 1660.9 1881.1 2052.1 1836.6
8 (FT) 2984.0 2901.4 2929.9 N/A 3154.1 2946.0 2944.6

Table 7 Material properties and dimensions of
Kevlar-epoxy I beams

Property Dimensions

Ey 75.8 GPa (11 x 10° psi)
Exn 5.51 GPa (0.8 x 10° psi)
Gy 2.07 GPa (0.3 x 10° psi)
Gi3 2.07 GPa (0.3 x 10° psi)
G, 2.34 GPa (0.34 x 10° psi)
V12 0.34

P 1241 kg/m® (0.04482 1bfin.3)
Ply thickness ¢, 0.2286 mm (0.009 in.)
Width 2b 25.4mm (1 in.)
Height 2h 12.7 mm (0.5 in.)
Length / 844.55 mm (33.25in.)

Frequency, Hz
200 T T

. Experiment31
150 + — Present Mixed 4
-——- Hodges, et al®
Torsion 1 B
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50

0 250 500 750
Rotational Speed, RPM

Fig. 4 Comparison of rotating natural frequencies of [0],4 graphite-
epoxy rectangular solid cantilevered beams.
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Fig. 5 Comparison of rotating natural frequencies of [30]4 graphite-
epoxy rectangular solid cantilevered beams with bending-torsion cou-
plings.

for top and bottom flanges and [0/90],, for web. Figure 7 shows
the influence of rotational speed on the fundamental flap, lag, and
torsion modes of a Kevlar®-ep0xy 45-deg I beam. The correlation
for the first flap mode obtained by using the currentanalysisis within
15% of test values. The influence of warping restraint effects on the
open-section I beam is also presented. The warping restraint effect
is seen to be significant for the torsion mode, but is negligible for
bending modes.

An assessment has been made to improve this correlation. Be-
causethe I sectionis composed of two flangesand one web, and each
part of the I-section can be regarded as a rectangular solid section,
the expressions for flap, torsion, and coupling stiffnesses of the I-
section beam can be modified as
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Fig.6 Layup configuration of a bending-torsion coupled I beam.
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Fig.7 Influence of rotational speed on natural frequencies of Kevlar-
epoxy 45-deg I beam with bending-torsion couplings.

(Rs), = 2[RG =i - (RL)' /RL]+[Rg =35 - (Re)' /R
(k45)r = 21%4@ ’ (1 - )‘rfl) + I%X; ’ (1 - )‘3/‘)
(1644)r = 216461 ’ (1 - )‘rfl) + Ii‘& ’ (1 - )‘3/‘) @1

where )Lé and A are warping parameters for the flanges and web
of the I section, respectively. Figure 8 shows the correlation with
experiments for the rotating composite I beams. A slightly better
correlation is obtained owing to the introduction of the enhanced
warping model.

E. Influence of Thickness

Figure9 presentsthe influence of wall thicknesson the fundamen-
tal frequency of rotating symmetric layup (bending-torsion cou-
pled) graphite-epoxybox beams. The physical properties of the box
beam used in the calculation are given in Table 1. The beams are
rotating at 1002 rpm. The layup for top and bottom flanges of the
box beam is [15],, and that for side flanges is [15/—15],.. The pa-
rameter n is varied from 1 to 26. When n is equal to 26, the total
number of layers in the box-beam wall is 52, and the thickness-
to-depth ratio of the section is 0.48. The thickness-to-depthratio
is defined as the ratio of the wall thickness ¢ divided by the outer
depth 2/ of the section. It is seen in Fig. 10 that wall thickness
effects become larger as the wall thickness increases. Neglecting

Frequency, Hz

50 L
B Experiment32
[C] Present (Basic Warping)
40 Present (Enhanced Warping) i

0 820
Rotational Speed, RPM

Fig. 8 Effects of enhanced warping on the fundamental flap mode
of Kevlar-epoxy 45-deg I beam with bending-torsion couplings.

50

Il Thick-Walled Formulation
[] Thin-Walled Formulation r

40 =

30+ -

20 -

Frequency, Hz
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Thickness to Depth Ratio, t/2h

Fig. 9 Effects of wall thickness on the fundamental flap mode of
15-deg composite cantilevered box beams with bending-torsion cou-
plings (2=1002 rpm).

wall thickness effects implies that the shell wall does not have any
bending stiffness, and this assumption can result in an error in the
prediction of frequency values of the beam. The error exceeds 10%
for thickness-to-depthratios above 0.3. Note that the flap mode fre-
quency becomes smaller as the wall thickness increases. Because
the outer dimension of the box section is held fixed, the distance
between the midplanes of the box-beam walls are getting closer
with the increase in wall thickness. This results in lower section
inertia that can cancel out the amount of increase in stiffness in-
duced by a larger thickness. Because the mass of the beam grows
steadily with the increase of thickness, the frequency values become
smaller as the wall thicknessincreases. The effects of wall thickness
on the flap mode frequencies of the bending-torsion coupled beam
are presented in Fig. 10 for a thickness-to-depthratio of 0.28. The
wall thickness effects are seen to be greater for higher modes. The
difference between the thin- and the thick-walled formulationis 8%
for the third mode, whereas the difference is 4% for the first flap
mode.

Figure 11 shows the influence of wall thickness on the funda-
mental flap mode frequency for a rotating extension-torsion cou-
pled composite box beam. For this calculation, each of the four
box-beam walls has layup of [15],,, which yields extension-torsion
couplings. The physical dimension and material properties of the
beam are same as those of the bending-torsion coupled beam. To
show the wall thickness effects, the thickness of the beam is again
increased while both the outer dimension of the box section and the
length of the beam are held fixed. Figure 11 shows that the influence
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Fig. 10 Effects of wall thickness on flap mode frequencies of bending-
torsion coupled composite box beams at a thickness to depth ratio of
0.28 (2=1002 rpm).
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Fig. 11 Effects of wall thickness on the fundamental flap mode of
15-deg composite cantilevered box beams with extension-torsion cou-
plings (2=1002 rpm).

of wall thickness becomes larger for beams with higher thickness-
to-depth ratios. However, the change in frequency values with in-
creasing thickness-to-depthratio is seen to be smaller than that of
bending-torsion coupled beams (Fig. 9). At a thickness-to-depth
ratio of 0.48, the percentage difference is 7.1% for the extension-
torsion coupled beam (Fig. 11), whereas for the bending-torsion
coupled beam (Fig. 9), the differenceis 15.3%.

F. Effect of Transverse Shear

The effects of transverse shear deformation on the structural
response of rotating composite box beams were investigated. In
Fig. 12, the percentageerror in the first flap mode frequency due to
the neglect of transverse shear for both the extension-torsion cou-
pled box beam ([15]) and the bending-torsion coupled box beam
([15]¢ for top and bottom flanges and [15/—15]; for side flanges)
is plotted as a function of the slenderness ratio of the beam. The
slendernessratio is defined as the ratio of length to depth of a beam.
The details of the box beam are provided in Table 1. The rotational
speed of the beam is 1002 rpm. The percentage error in Fig. 12 is
defined as |w, — wys|/w, x 100, where w, and w, are rotating flap
frequencies obtained with and without transverse-shear couplings,
respectively.As canbe seenin Fig. 12, the slendernessratiohas a sig-
nificantinfluence on the free vibrationbehavior of the beam. For the
extension-torsion coupled beams with up to a slenderness ratio of
20, the percentageerror between the two predictionsis less than 5%,
whereas for beams with a slendernessratio of 5, the error becomes
about 50%. Figure 12 shows that the influence of transverse shear is

80 T ‘ ‘ T

—e— Extension-Torsion Coupled Beam
| | == -Bending-Torsion Coupled Beam

Percentage Error in Flap Frequency (%)

Slenderness Ratio (/2h)

Fig. 12 Percentage error in flap mode frequencies due to the neglect
of transverse shear for both the extension-torsion and bending-torsion
coupled composite box beams ((2=1002 rpm).
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Fig. 13 Effects of transverse shear as a function of thickness to depth
ratio on flap mode frequency of extension-torsion coupled composite
box beams at a slenderness ratio of 20 (2=1002 rpm).

more for the extension-torsion coupledbeams than for the bending-
torsion coupled beams. One reason for this is that the elastic cou-
plings are introduced only through the top and bottom flanges for
bending-torsion coupled beams, whereas for the extension-torsion
coupled beams the couplings are introduced through all four walls
of the box section. Hence, the shear couplings of bending-torsion
coupled beams play a lesser role than those of extension-torsion
coupled beams. The other reason is that, for the bending-torsion
coupled beams, the transverse shear couplings affect not only the
bending modes, but also the torsionmodes, because the shear strains
Y. and y,, are kinematically coupled with transversedisplacements
[see Eq. (2a)]. These shear strains influence the torsional stiffness
via bending-torsion couplings. However, for the extension-torsion
coupled beam, the torsional stiffness is not affected by transverse
shear couplingsbecausethe shear strainsinfluence only the bending
stiffnesses via bending-shear couplings. Because the shear strains
influence both bending and torsional stiffnesses for the bending-
torsion coupled configuration beams, the transverse shear effects on
the flap mode frequency become smaller than those for extension-
torsion coupled beams.

Figure 13 shows the influence of transverse shear on the flap
mode frequency with varying thickness-to-depthratios of compos-
ite box beams. For the calculation, each of the four walls of the box
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Fig. 14 Effects of transverse shear on flap mode frequencies of
extension-torsion coupled composite box beams at a slenderness ratio
of 40 (Q=1002 rpm).
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Fig. 15 Percentage error in flap mode frequency due to the neglect of
transverse shear for the extension-torsion coupled composite I beam
(Q2=1000 rpm).

section has a layup of [15],,, and n is varied from 1 to 26. This
beam configuration displays extension-torsion and bending-shear
couplings. A reduction in the flap frequency by the introduction
of transverse-shear couplings is obtained for beams with different
thickness-to-depthratios. Figure 14 represents the effects of trans-
verse shear on rotating natural frequencies of a [15] extension-
torsion coupled composite box beam. The slenderness ratio of the
beam is set to 40. It is seen that the transverse shear reduces the flap
frequencies by around 7% for the third flap mode compared with
1% for the first mode. This reductionin the frequency values is due
to the additional flexibility in the flap bending stiffness provided
through the transverse-shear couplings. Note that the change in the
flap frequency is greater for higher modes.

Figure 15 shows the effects of transverse shear on the flap
frequency as a function of slenderness ratio for an extension-
torsion coupled composite I beam. The layup of the I section is
[(0/90),/(90/0)/15,]; for flanges and [0/90],, for web, respec-
tively. The slendernessratio of the beam has a large influence on the
vibration behavior of the open-section I beam. As slendernessratio
decreases, the transverse shear effects become more significant, and
the deviation between the predictions with and without transverse
shear couplings become larger. The error due to the neglectof trans-
verse shearis 3% for a slendernessratio of 60, but the errorincreases
to over 100% for a slendernessratio of 5.

IV. Conclusions

A refined structural dynamics model applicableto both thick-and
thin-walled composite beams that can have open- or closed-profile
sections has been formulated. The theory accounts for the effect of
elastic coupling, shell-wall thickness, warping, warping restraint,
and transverse shear deformation. The free vibration analysis has
been correlated against experimental data and other analyses for ro-
tating and nonrotating composite beams of various cross sections.
The beams include box-section, rectangular solid section, and I-
section beams. Correlation of natural frequencies for the coupled
beams was good for box beams and satisfactory for rectangular
solid section and I-section beams. An assessment was made to im-
prove the correlation of the open-section beams, and, by using a
refined cross-sectional warping, a better correlation was obtained.
The wall thickness effects are shown to be significant in predict-
ing vibration frequencies, especially for bending-torsion coupled
beams. For such beams, the wall thickness effects become signifi-
cant when the thickness-to-depthratio of the beam reaches around
30%. At this ratio, the error in frequency due to neglecting of wall
thickness ratio becomes 10%. The effects are larger for the higher
modes.

Transverse-shear flexibility shows significant effects on the vi-
bration modes of elastically coupled composite box and I beams.
The transverse-shear couplings are shown to have a larger influ-
ence on the extension-torsion coupled beams than on the bending-
torsion coupled beams. The effect becomes larger for beams with
high slendernessratios. For an extension-torsion coupled box beam
with a slendernessratio of 5, the frequency error due to the neglect
of transverse shear is about 50%, whereas the error is within 1% for
a box beam with slenderness ratios of greater than 40. It is shown
also that the influence of transverse-shear couplings is greater for
higher modes.

Appendix: Influence of Thickness on Torsional Stiffness

For beams with rectangularsolid sections, the higher-order warp-
ing effects are known to be significant in accurately predicting the
behaviorof a beam.?®3° Use of the equations of equilibriumrelating
M, and N,, leads to a better approximation to the curvature k,,,
which in turn leads to a warping correction A, that is defined as

ho = 06274 tanh( = . 2. |G b 8=} (an
06274 - tanh( = . 2. G b |G
0 2 h VG, h \ G,

where G,/ G,, is the ratio of shear moduli referred to as the beam
axes. This constant A, will be used in the section stiffness coeffi-
cients to account for the effects of the higher-order warping (thick-
ness warping). For uncoupledorthotropicbeams of rectangularsolid
section, the correction is the same as that proposed by Ritchie and
Rosinger.30 The ratio of shear moduli shown in Eq. (A1) can be
expanded for beams of general anisotropic layups and is expressed
as the ratio of in-plane compliance coefficients:

\/ze/ny = \/566/555 (A2)

where
Ss5 = A44/(A44A55 - A4215), A%z)/|Aij|

A;; represent in-plane stiffness coefficients for a given laminate'
and |A;;| denotes the determinant of the matrix A;;. For bending-
torsion coupled beams of rectangular solid section, the stiffness
values given in Eq. (19) are modified as

(IESS)r = 2b(AmK - )‘UAiup/AtM))a

Ses = (A11Azn —

(Kys), = —4bA,.5(1 — Xg)

(K44), = 8bAyy (1 — 1o) (A3)

As one can see from Eq. (A3), the magnitude of stiffness co-
efficients becomes reduced due to the warping correction. As the
thickness-to-depthratio of a section increases, the thickness warp-
ings become larger, and this results in a reduction in the stiffness
values. Neglecting this effect leads to a poorer correlation with ex-
perimental data, especiallyin a material whose principal shear mod-
uli differ appreciably.
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